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the proposed model that accounts for baseline and/or time dependent covariates. Monte
Carlo expectation-maximization (MCEM) is a convenient approach for estimating the
parameters in the model. A simulation study was carried out to assess the approach.
We also analyzed Alzheimer’s Disease Neuroimaging Initiative (ADNI) data where some
responses and covariates are missing and some responses are possibly miscategorized. OQur
investigation reveals that apolipo-protein plays a significant role in Alzheimer’s disease
progression. This was not visible in earlier analyses of ADNI data.
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1. Introduction

In many research problems related to biological, social and medical sciences, multivariate data arise from repeated
measurements on a sample of subjects over time. To analyze such longitudinal data, one must consider the relationship
between the serial observations made on a given unit and hence it is inappropriate to use a general multivariate model
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for studying covariate effects. A two-stage random-effect model [12] or a generalized linear model [17] can be used in this
situation. Often, the response of interest is measured on an ordinal scale with more than two categories.

Methods for longitudinal ordinal data analysis have been actively pursued in the past; see, e.g.,[13,15,20]. A marginalized
latent variable model could be used to analyze data for this situation. A marginalized model separates the systematic
variation in the data from random variation. Basically it uses two models in conjugation. One is the mean or regression
model for the ordinal responses and the other is the dependence model. A cumulative logit model with proportional
odds assumption is commonly used as the mean model. The covariates used in the regression model may include both
qualitative and quantitative variables, some of which are measured at the baseline visit while others vary over time. In the
dependence model, additional variables are introduced as random components to structure the relation between repeated
measurements. Such a modeling approach was used by Heagerty [8] in the context of binary responses. Lee and Daniels [ 13]
extended the marginalized latent variable model to accommodate ordinal responses.

The modeling of longitudinal responses through latent variables becomes complex when data on the response and some
covariates go missing. A simple solution is to ignore the missing observations and perform a complete-case analysis. However
this leads to inefficient inference, especially when the missing mechanism is non-ignorable. Following Little and Rubin [19],
there are three types of missing data processes. Data are said to be missing completely at random (MCAR) if the missing data
process does not depend on missing or observed data, and the process is said to be missing at random (MAR) if the missing
data process depends on the observed data only.

In this paper we consider a non-ignorable missing data mechanism (MNAR) in which the missing data process depends
on both observed and unobserved data. The MNAR pattern of missing data has been considered by Ibrahim and Lipsitz [10]
in the context of generalized linear models when covariates are missing while Troxel et al. [30] and Ibrahim et al. [9] have
considered missing responses. Most of the work on missing data focuses on either missing response or covariate. Stubbendick
and Ibrahim [28,29] adopted a maximum likelihood approach for estimating the model parameters in a longitudinal study
when both response and covariates are missing, but in their case the response belonged to the exponential family. Chen
et al. [2] have considered missing response and covariate in the context of longitudinal binary data when the missing data
mechanism is MAR. Here we have considered non-ignorable missingness in response as well as in a covariate.

Missing data analysis in a longitudinal set up is usually carried out under the assumption that the levels of the ordinal
response are correctly classified. In medical or social sciences, however, the true level of the response is often not identified
correctly. The reason for this misclassification may be misreporting by a subject or faulty diagnostic tests. For example, in
a disease progression longitudinal study, there may be misreporting about a patient’s disease severity at subsequent visits
if the ordinal responses are collected and maintained by semi-experts. Also in the job characteristic data [25], employees
were asked to respond to different aspects of the job which was measured on a five-point ordinal scale ranging from strongly
agree to strongly disagree. The employees’ response is supposed to be misclassified.

Miscategorization of categorical data has been considered by many researchers [4,26]. Espeland and Hui [7], Buonac-
corsi [1], Pepe [24] considered a double sampling procedure to obtain the estimates of misclassification rates for discrete
data, binary data and continuous data, respectively. However, only few studies are available in the literature on ordinal
categorical data. Eickhoff and Amemiya [6] considered a known monotone misclassification pattern in either direction for
polytomous outcome variable. Poon and Wang [25] discussed the use of a surrogate variable while modeling multivariate
ordinal responses. Chen et al. [3] considered a generalized estimating equation approach while dealing with error prone
ordinal responses and covariates.

In this paper we develop a flexible model to account for missing response and covariate which is also adjusted for
misclassification of the observed ordinal response. The study, which is carried out under a longitudinal set up, incorporates
the dynamic nature of the missingness pattern. However, it is assumed that the misclassification pattern remains the same
over the visits.

The paper is organized as follows. In Section 2, we propose a flexible model and discuss the identifiability issues related
with the model parameters. Section 3 describes the estimation methodology implemented via a Monte Carlo Newton-
Raphson Expectation Maximization method. A simulation study is reported in Section 4 to assess the approach. In Section 5,
Alzheimer’s Disease Neuroimaging Initiative (ADNI) data are analyzed and finally, we conclude with some observations in
Section 6.

2. Model formulation
2.1. The response process

Consider a study involving N subjects in which subject i € {1,...,N} is assessed on n; < T occasions. Let Y; =
Yits -+ Ving )" be a vector of L-category ordinal responses for the ith subject. Let also Z; = (zj, ..., z,-q)T be a vector of
baseline covariates and )?,—1, e, Z-p be p time-varying covariate vectors, where )~(1-- = (Xi1j, - - - » Xig, .‘.,Nxmi,-)T for each
j € {1,...,p}. We denote the n; x p matrix of p-time varying covariates for the ith subject by X; = (X1, ..., Xj). The
tth row of the matrix X; contains the subject-specific time-dependent covariates which we denote by X;; = (xi1, .. ., xitp)T.

To start with, we assume that the responses and the covariates corresponding to each subject are completely observable
on all occasions. We consider a marginalized latent variable model for the regression set up of the longitudinal ordinal
response. Two separate models are considered in conjugation: the mean (or regression) model and the dependence model.
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The systematic variation in the data is modeled through the mean model, whereas the dependence model takes into account
the random variation in the data and separates it from the systematic variation. A cumulative logit model with proportional
odds assumption is considered for the mean model, viz.
. Pr(yie < €| Z;, Xit)
logit(P") = In = = Bor +Z By + X.| Br. 1

g ( 1[() : 1— Pr(yj[ < ¢ | Zj,Xit) :30[ i IBZ it IBX ( )
where 8, and B, are ¢ x 1and p x 1 vectors of regression coefficients corresponding to the baseline covariates and time-
dependent covariates, respectively, and foreach £ € {1, ..., L— 1}, By is the intercept in the £th logit model. The monotonic
relationship Bo; < -+ < Bor_1 is assumed to hold. We denote the regression parameters of interest by 8 = (8, B, . B¢ )"
To capture the serial dependence among repeated observations (repeated over time), a dependence model is used, viz.

Pr(yie < €| u;)

logit(PS,) = In = = Aiw + Ui 2
git(Py,) 1= Priys < £ | ug) ite + Uit (2)

In (2) the correlation among observations is induced via unobserved latent variables u;;. Here we assume that conditional
on u;; the responses are independent, i.e.,

n;
Fits - Ying|Zi, Xie, wie) = Hf(yi[|uits Zi, Xit).
t=1
The parameter A;, represents a function of the marginal means such that the dependence model in (2) is consistent with
the mean model in (1) and it can be derived from the relation

Py, = / PS,f (uie )duye, (3)

where f is a generic notation used to denote the probability density function of the random component u; characterized by
the relevant elements of X;. As the intercepts in the mean model (1) are monotonic, Aj, is also monotonic in ¢, i.e., Ay <
- < Ay [14,31]. From (3), Aj¢ can be obtained in terms of Bo¢, B, By and Xj. We assume that U; = (uj, ..., u,',,i)T is
Gaussian with mean zero and variance-covariance X;. We further structure X; as X; = al.z X* [14], where aiz is modeled as
. . . T
a function of baseline covariates as 0? = €% ¥ and

1 o e ... e-(m—n
nj—2)x

e (

o~ (mi— 2 m=20  o=(m=3% 1

e
where y and X are unknown parameters that characterize the distribution of the random components. The integral in (3)
cannot be expressed in a closed form and hence a numerical technique is commonly used to evaluate it. However in the
specific case of normally distributed random components and a probit link function, the integral in (3) can be evaluated
analytically [31] and Aj, takes a neat form given by

Aiee = (Bore +Z B + Xy B/ 1+ 2. (5)

Even in the case of the logit link, an approximation works just as well. The idea is to approximate the logistic by the probit.
For c = 1.70 it is well known that H(v) = @(v/c), where H and @ are the cumulative distribution functions of a logistic and
Gaussian distribution, respectively; see, e.g.,[11,16,22]. Thus in this case an approximate expression for A;;, can be worked
out as

Aiee = (Boe + Z B + Xi{ By 1+ 02 /2. (6)

The proof of (5) and (6) is given in Appendix A.1.
Suppressing the parameters, given the random components U;, the distribution of the multivariate ordinal response is
given by

n; L
1y, (cer)
501 %20 = TTTT (Pl = Pey) ™ (7)

t=1 (=1

where 1y, (i) takes the value 1 or 0 according as y; = ¢y or not. By integrating out the random components U;, we can
write the joint distribution of the observed responses as

FOY 1 X, Z) = ]_[]_[ P, = Py B ), (8)

Ui 1@1



S. Rana et al. / Journal of Multivariate Analysis 166 (2018) 62-77 65

2.2. The missing data process

The model in Eq. (8) is based on the assumption that the responses and all covariates are observable. We now consider
the situation where the response and a single time-varying covariate of an 1nd1v1dual are missing on some occasions. We
denote the observed and the missing responses for the ith individual by Y ) and Y respectlvely.

Without loss of generality we assume that the time-dependent covariate X,1 is missing on some occasions while
observations on other time varying covariates X, ..., Xj, and the baseline covariates Z; are completely available for
each assessment time and for all study participants. Let us denote the observed covarlate values (observed over time)
corresponding to X,l as X” and all the missing values (missmg over time) as Xn Further, we denote the matrix of all

observed time-dependent covariates and the observed part of X,1 by Xl
X = (X9, X, ..., Xpp).

To indicate the availability of data, we introduce two indicators Ry and R}, where Ry takes the value 1 or 0 according as y;;
is observed or not. Similarly R}; takes the value 1 if x;q is observed and 0 otherwise.
Now suppressing the parameters, the joint distribution of the multivariate ordinal response and the missing data

indicators can be decomposed as

) (0) (0) y(m) y(0) (m)
f io Ri/’ |XD Z) /u/lm)Zf ’ ilYiO’Yim’Xio’X”m’Zi)

y(m

) YO, Y™ x XY, Z, UpFXE™ | XS (U)dUidX ™

/U /(m) Z Iy x Iy x I3 x I3) dU;dX", 9)
! (

l

where I, is given in Eq. (7), I5 is the conditional density function of X" given X\, viz. f(X{|" | X*’, ), and I is the density
function of the random component U;.
To model the joint distribution of the missing data indicators (I;), we first indicate the histories of missing data processes
by
Ro={Rh . R and R={R0 R
where t < n;. In longitudinal studies, the joint probability Pr(R?’ = riy JRY = 11 | Y, X, Z) is not modeled directly.
Instead, modeling is done by conditioning on the histories of missing data indicators by using probabilities of the type

Pr(R, = rl,RX = r} | R, RX, Y, X, Zi). Such conditional modeling would reflect the dynamic nature of the observation

process over t1me The joint model can then be written as

PI'(R,Y = I‘iy,Rf = T,—x | Y,‘,X,’,ZI HPI' it — rlt,RX = T' |Ry Rx XI»ZI)Pr(Ry ,1 | yuXuZi) (10)

it it

For modeling the joint conditional probabilities for the pair (Riy[, R%) appearing in (10), we adopt marginal logistic regression

models for the mean functions while the association between the missing data indicators in response and covariates is
introduced through the conditional log odds ratio (v ). We thus write

.
BB exp(vy;
i = Pr(R, = 1| R RS Vi X 2) = o Py)
14 exp(vy; )
BB exp(vy; ax)
pi =Pr(R, = 1| R, RS, Vi, X, Z) = — 2L
it it it it is £i 1+eXP(U;—-[OlX)
= Pr(R{t:l’RX =1 “_g 'f’Y”X"Zl)Pr(Ry —O,RX _Oiki/ zthzaXuZz)
PR, = 1R = 0| R RS Vi Xi, Z)Pr(Ry = O,RY = 1| Ry, Ry, Y3, X, Z0)

where vy and vy; are functions of responses and covariates. We keep the treatment general by making the conditional
probabilities of missing data indicators to depend on the observed as well as unobserved responses and covariates. The
missing data mechanism is thus considered to be MNAR. We denote the parameters of the missing data model by « =
(o], ocXT)T. In case ¥;; = 1, the missing data indicators for the response and covariates at the tth assessment time are

conditionally independent.
Letpi) = Pr(R, = 1,R, = 1| R, R%, Y;, X;, Z;) denote the probability for the pair (i, ;1) to be observed conditional
on the histories of the indicator variables and the vector of responses and covariates. Following [ 18], Pu can be expressed as
aie — {a2 — APie(Yie — Dl pi}V? iy £ 1
it )

piy = 2 — 1) l

Mii“i(r if i =1,
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where a;; = 1 — (1 — ¥ ( ,u{t + 1};). Finally, the joint probability of observing the response and covariate at tth assessment
time denoted by (7}}, ) is given by

t—1
X N —rrx
e = PR, = LR, =11 Y4, X, Z) ZZ {Pu « l—[ "y)'fr”(/ub,] Pz y (1= )( p;y)(l s
l[ l[ ] 2
X(]_MU Mu+pxy (1 ry(l ru)}

Here we assume that the covariate and response are observable for all study participants in the first visit, i.e., nﬁ'“ =1
foralli € {1,..., n}. The probabilities 7o = Pr(R), = 1,RX = 0| Y;, Xi, Z;), morie = Pr(R; = O, RX = 1| Yy, Xi, Zi), 7ooie =
Pr(R?’[ =0,R} =0]Y; X, Z)are given in Appendix A.2.

Thus, we can finally write

nj

_rX Y Y y1x
I Zl_[(ﬂlm)”r’ (7T10n)r')z(1 it (w13 )i it (g0 )i ). (11)
=1

2.3. The misclassification process

In epidemiological studies, a serious source of error is the misclassification of the ordinal responses. A categorical variable
is said to be subject to misclassification if the recorded category differs from the true category. Two types of misclassification
models are available in literature — one is the classification error model and other is the reclassification model. In the
classification error model, the observed responses are modeled as functions of true responses whereas in the reclassification
model, the distribution of the true category given the observed category is specified. In this paper, the classification error
model is considered. When the response is subject to misclassification, a surrogate version y; is obtained instead of the true

response yi. Let iy = G, . . . ,?mi = ?kni denote the multivariate ordinal data on the surrogate response. Further suppose
nj nj
Pr(¥i1 =Cht, - - - Viy = Ckny | ¥i1 = Ckts - - -, Ying = Ckn;) = 1_[ Pr(¥ic = Che | Yie = Cke) = neitck[?kt- (12)
t=1 =

The above conditional independence assumption over the different occasions is meaningful in many practical situations. Let
8it = ((€in7)), wherer, 7 € {0, ..., L — 1}, denote the L x L matrix of misclassification rates. Clearly the correct classification
is obtained when r = 7. Thus correspondmg to each (i, t), there are L x (L — 1) misclassification rates. We capture all the
misclassification rates in a parameter §. Writing Y = Ji, ..., ym,) suppressing the parameters, the distribution of the
surrogate response is given by

fY 1 X, 2) = /f U) ) {f( Yi | YF(Y; | Xi. Zi, U) }dU;,

Yi

where the first term within the curly brackets is the density function for the misclassification process derived from (12).
2.4. The joint model

We consider the modeling of longitudinal ordinal response in the presence of a non-ignorable missingness mechanism in
covariate and responses along with the fact that the observed responses are imperfect versions of the true state of responses.
To propose the parameter vector 0 = (87, ¥, A, a", 8, t)", we propose a joint model which corrects the likelihood function
in case of missing response and/or covariate and response miscategorization. Suppressing the parameters, we write the joint
distribution of the surrogate response and missing data indicators given the observed covariates as follows:

f(ﬁ“%R?,Rflx}"%zi):ZZ/ /N(m)f(Z(O),R,Y,Rf,Y- Y™ U, XM | x©, z)dX™ du
(m) Ui I X5

(m)
FEIXF T | v dXP duy

= ZZ/ /N(m)(z1 x I x I3 x Iy x Is) X" du, (13)
y(0) y(m) Ui /X

where I is given in (11) and ;-1 are as in Eq. (9) and Is comes from Eq. (12).
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2.5. Identifiability and extra data

Identifiability is a major practical issue for misclassification problems as well as for non-ignorable missing data processes.
While simultaneously estimating the regression parameters, the misclassification rates and the parameters of the missing
data model, often a very large sample is needed to achieve convergence of an algorithm. In most situations, extra data in
the form of multiple measurements, instrumental variables or validation studies are needed to resolve the identifiability
issue.

In this paper, we use validation data to estimate the parameters of the misclassification model. We suppose that out of the
cohort of N individuals who are followed up over time, n, individuals appear at the tth visit. The response and time-specific
covariate values of the absentees therefore automatically go missing. We make the practical assumption that all the subjects
appearing at the tth visit will have their response variable measured, though some of their visit-specific covariate values
might not be recorded. We select a random sample of n,; subjects for whom the response variable is re-measured using
special efforts, the values of which are considered as the gold standard. In doing so, the missing covariate values if any,
of those individuals are also recorded. Thus these n,, individuals have their gold standard response and all visit-specific
covariate values recorded in addition to their surrogate response values. The remaining n,,, = n; — n,, individuals who
form the non-validation group may or may not have their covariate values recorded in addition to their recorded surrogate
response values. The non-validation group size is usually much larger than the validation group size, since cost of data
collection per unit in the validation sample is much higher than unit cost in the non-validation sample.

3. Estimation: MCEM approach

For estimation of the parameters arising in the model given by (13), we adopt a Monte Carlo EM approach [21]. Let S,
and S, denote the validation and non-validation group at the tth visit, respectively. An individual qualifies to be in S, if
he/she appears for the tth visit and subsequently gets selected in the random draw, while all other participants who may
not be present or who may be present but not selected in the random draw will form the non-validation group for the
tth visit. Let us denote the observed data for the validation group and non-validation group by D,, = {Y,, 7U, Z,,X,} and
Dony = {Y,ﬁ‘;), Znv, Xm LR, R¥,}, respectively. Suppressing the parameters the likelihood function is built up as follows:

=Y I fiew, Views Zios Xieo) + Y Y I0f i Rigys R Zinos Xigns) = €oul0) + Lons(6), (14)
t ieSy t  i€Snyt

where £,,(0) and £4,,(0) are the log-likelihood functions corresponding to the validation and non-validation data sets,
respectively. These are further decomposed as

ov Z Z ll'lf Yitv | yuv + Z Z 11'1/ f Yitv | Ziy, ztva ultv)f(ultu )duztv

t ieSyt t ieSyt Ujty

= Loy1(8) + Low2(B, ¥» A),
60’“' Z Z lnf y:mv’ itnv? ltnv’ZmU’Xz(tZ)u)

t  i€Snyt
_ § : § : m) (0) ,(m)
Z Z ll‘l{ f yxtnv ztnv / / f ylmv’yltn |z'”U’Xitnv’xzt1nv’ u'fv)
t  i€Spyt (0) Uitny 1t1 (m)
itnv ltm

y xm)
f(thrw7 itnv | ylmv’ yl[nv’ me’ ltlnu )f( it1nv | XI[HU )f(ultnv )dxltlnu duitny }

Maximizing £(0) given in (14) is a challenging task because of the summation and multidimensional integrals appearing
inside the logarithms. To circumvent this difficulty, we adopt a Monte Carlo based EM approach which derives the
maximum likelihood estimates depending on the complete data log-likelihood function. We denote the complete data
corresponding to the validation set by DCU = {Y,, Yy, Z,, Xy, Uy} and that corresponding to the non-validation set by
Deny = {2, YO, ¥ 7y, X X™ RV RX. | Upy}. Thus the complete data log-likelihood function can be decomposed as

ec(g) = ECU(Q) + Ecnv(g)v

where ¢.,(0) denotes the likelihood contribution from all subjects belonging to the validation set which can further be
decomposed as

ch(e) = Z Z lnf(yitv |yitv; 8) + Z Z lnf(yitu | Zivsxitua Uity IBs Vs )‘-) + Z Z lnf(uitv; Vs )‘)

t ieSyt t ieSyt t ieSyt

= Ecvl(‘s) + ECUZ(ﬂ) + 5cu3(7/7 )‘)a

nv’
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while ¢.,,(0) denotes the likelihood contribution from all subjects belonging to the non-validation set which can be further
partitioned as

%0) (0) . (0) (o) ,,(m) .
Len(6 Z Z Inf( Yienw | Yieny 8)+ Z Z In f( yltnv’yltm | Zinv» Xigny » Xie1ny» Uitno’ B)

t i€Snut t i€Snut
(0) (o) (m) (0)
+ E 2 ll’lf itnv? ltnv |y1tnv’yltm’ itny Xit 1ny> Zinv & +§ : z :lnf ltlnv ltnv’ )
t i€Snut t i€Snut
+ 0 Inf(ui: v, A)
t i€Snut

= Lenv1(8) + Lenw2(B) + Lenvs(a) + Lenva(T) + Lenus(y, A).

The estimation is carried out in two steps. In the first step, the misclassification rates are estimated from the validation sam-
ple. In the next step, the structural parameters along with the parameters of missing data model are estimated using both val-
idation and non-validation data after plugging in the estimates of misclassification rates. The score functions are given below:

3leo(6) _ 9Lean(0)

S (S = = .
(0) 968 968
.

S(@) = Eyto). ytm) x(m (L ‘Ry R, Y, X©, z) (15)
3¢ 3¢

S(B) = Ey (” ’ y©), x(©), Z) + Ey.y(o)ytm) xm (L ‘ 7O x ,Z,Ry,R">, (16)
al Y al , o~

S(y) = Ey (C;(;’ ) ‘ Y“”,x("),z) +Ey (;; Y ] YO, x© 7, R, R") :
3eus(y, ) ams (s 1) |

S(A) =Ey (& ‘ Yy 0) Z) +Ey (% ‘ Y(O),X(o),Z, R, RX) , (17)

3¢
() = Egm (7“ ‘ o), xt z) (18)

The expectations in (15)-(18) cannot be evaluated analytically because of multidimensional integrals or summations.
To circumvent this difficulty, Metropolis-Hastings algorithm (MH) is used to produce random draws from conditional
distributions. The details are given in Appendix A.3. The expectations are then approximated using Monte Carlo sums
and score equations are solved iteratively by one-step Newton-Raphson method. For the parameter vector 6, the updated
estimate at the (t + 1)th step is given by

g+ — g(0) _ (07 g(g(0)y,

where S(0®)) is the score function at the parameter estimate 6 and ¢© = 5©)| ).

4. Simulation study

We consider a simulation setting with N = 400 study participants each assessed on T = 6 occasions. We generate
the longitudinal ordinal response having L = 4 categories using the mean model and conditional model as described in
Section 2.1. Here we briefly describe the different steps of data generation.

Step 1: For each i € {1, ..., N}, the base line covariate zy; is generated from multinomial distribution with the probability
vector (0.4,0.3,0.3). Foreachi € {1,...,N}and t € {1,..., T}, the time varying covariate x; is generated from A/(0, 1).
The random component U; = (u;q, ..., u;r)" is simulated from T-variate Gaussian distribution with zero mean vector and

dispersion matrix X; = criZZ‘*, where al.z = exp(zyiy ), with y = 0.4 and z,; is a binary covariate with success probability 0.5
which is not included in the response model. Moreover X* is as given in Eq. (4) with A = 0.2.

Step 2: Foreachie {1,...,N},t € {1,...,T}and ¢ € {0, ..., L — 1}, we compute P{ﬂ from the equation
exp(Boc + P1z1i + PaXie)

14 exp(Boc + B1z1i + BoxXit)’

where 8y = (—1,0,1)7, gy = —0.5, and 8, = 0.5.

1.70, Aie = (Boe + P1z1i + Baxic)y/ 1+ crf/cz, and hence we compute the

M _
Pitﬁ_

Step 3: We compute Aj;, from Eq. (6). For ¢
conditional probabilities given by

c _ _ exp(Aie + Uir)

1 4 exp(Aue + i)




S. Rana et al. / Journal of Multivariate Analysis 166 (2018) 62-77 69

Step 4: For eachi € {1,...,N},t € {1,...,T}and ¢ € {0,...,L — 1} we compute P,t@ = P Plf, , and generate
(Mit1, - .-, Miee) " froma multmomlal dlstrlbutlon with parameters (Pm, .. m{) and nje1 + - -+ nice = 1. Now if e, = 1 we
declare y;; = £.

Step 5: For the misclassification process we make the simplifying assumption that the misclassification rates are independent
of covariates or random components. We consider two schemes for the misclassification process, viz.

Scheme 1.
1— 3¢ € € €
p— € 1— 3¢ € €
€ 1— 3¢ €
€ € € 1— 3¢
Scheme II.
e — € €2 el
€ 1—2¢ — €2 € €?
P = 2 2
€ € 1—2¢—¢ €
&3 €2 € 1—e—€2-¢°

Scheme Iimplies that chances of misclassification are equally likely in all the cells while Scheme ITimplies that chances of
misclassification decays as the observed category moves away from the true category. Different choices of € were considered
for both the misclassification schemes. Here we only report the results for e = 0.1 for Scheme [ and € = 0.2 for Scheme II.

Step 6: We generate the missing data indicators Rf’t R} using the marginal models and the conditional odds ratio. Specifically
we choose

explay, + ay, Tiy[jJ’irﬂ + oy, Yit)
1+ exp(ay, + oy, riy[jyirﬂ + OlyZJ/it)’

X
eXp((XXO + Oxq rl‘mxi[_l + Ox) Xi[)

Wy =Pr(R, = 1| R,_|, Vie—1, Yie) =

X X

Wi = Pr(RE = 1| Ri_y, Xie—1, Xie) = )
it it =12 ! 1+ explag + I Xie—1 + oty Xit)

where, ayy = 1.5,y = 0.2, 0, = 0.2, 05y = 2,2y, = 0.2, ¢, = 0.2. Such a configuration results in an overall 10%

missing response and 12% missing covariate. For all practical purposes we choose v;; = ¥ and carry out the analysis for four

different choices of 1 namely 2, 4, 7 and 10. However, only the results for ¢y = 2 are reported in Table 1.
Step 7: On the basis of the data generated in Steps 1-6, three different likelihoods are fitted. These are:

(i) The naive model (M;): A complete case (CC) analysis is carried out by ignoring the miscategorization in response, thereby
treating the surrogate response as the true values. The likelihood function in this case is given by

by = 1_[ _/ 1_[ 1_[ (Piee — Py )i Cef (u;)du,

teS; =1
where S; contains the pairs of all observable response and covariates for the ith study participant.

(ii) The missing data model (M,): Here the likelihood is built up after incorporating the missing data mechanism, but
ignoring the misclassification in response. The likelihood contribution of the ith individual is specified in Eq. (9) with Y!.(O)
simply replaced by Y\°.

(iii) The proposed model (M3): Here the likelihood is built up after incorporating the missing data mechanism and adjusting
for miscategorization as well. The likelihood contribution of the ith individual is given by Eq. (13).

Estimation is done using Monte Carlo Metropolis-Hastings Newton-Raphson (MCMHNR) method, where the data on
random components are generated by Metropolis-Hastings algorithm. For simplicity and to save time, the MH sample
size was chosen to be 500. The number of iterations needed in the Newton-Raphson method within Metropolis-Hastings
algorithm was prefixed to be 30. The simulation was repeated R = 100 times. The validation sample at each visit comprises
randomly selected 25% of the total subjects who have appeared in that particular visit. .

For a generic parameter &, the parameter estimate is given by & = (&; + - - - + &)/R, where &, is the estimate at the tth
simulation, with t € {1, ..., R}. The accuracy of the estimates is assessed by the bias and the precision of the estimator is
assessed by MSE, viz.

R
Bias(é % > & g’ MSE(€) = — Y (& —

t=1 t=1

7:1\'—‘
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Table 1
Table showing Bias and MSE of the estimates for the three models corresponding to two different misclassification patterns.
Misclassification Scheme [ Misclassification Scheme II
M M, M3 M M, M3
Bo1 Bias 0.04113 0.01477 0.00750 0.12728 0.08478 0.03175
MSE 0.01484 0.00383 0.01259 0.03045 0.01112 0.01383
Boz Bias 0.03277 0.02471 0.01444 0.07385 0.04638 0.01113
MSE 0.01149 0.00383 0.01011 0.01954 0.00553 0.01150
Bos Bias 0.02783 0.03634 0.00272 0.01534 0.01591 0.06571
MSE 0.01279 0.00465 0.01318 0.01588 0.00429 0.01925
B1 Bias 0.18555 0.17557 0.05569 0.07493 0.06316 0.02206
MSE 0.04177 0.03311 0.00765 0.01197 0.00585 0.00666
B Bias 0.20157 0.18707 0.00497 0.07522 0.07441 0.01113
MSE 0.04405 0.03633 0.00380 0.00943 0.00718 0.00334
y Bias 0.04965 0.01903 0.00997 0.01269 0.00718 0.01521
MSE 0.00680 0.00110 0.00124 0.00698 0.00108 0.00154
A Bias 0.00382 0.00152 0.00103 0.00114 0.00071 0.00122
MSE 0.00005 0.00001 0.00001 0.00006 0.00001 0.00001
€ Bias - - 0.00073 - - 0.00072
MSE - - 0.00004 - - 0.00009
ay, Bias - 0.52626 0.53326 - 0.44331 0.48541
MSE - 0.29204 0.29451 - 0.21740 0.24482
ay, Bias - 0.08043 0.13189 - 0.02468 0.13227
MSE - 0.01025 0.01922 - 0.00559 0.01889
ay, Bias - 0.22898 0.19319 - 0.22525 0.16937
MSE - 0.05336 0.03785 - 0.05225 0.02921
Qx, Bias - 0.00148 0.00961 - 0.01103 0.00903
MSE - 0.00423 0.00412 - 0.00440 0.00579
ay, Bias - 0.00693 0.01152 - 0.00367 0.00134
MSE - 0.00720 0.00506 - 0.00710 0.00318
Qyx, Bias - 0.10903 0.12333 - 0.08172 0.06073
MSE - 0.01279 0.01706 - 0.00806 0.00443

The bias and the MSE of the estimators under the mis-specified models M;-M, and the proposed model M3 are reported
in Table 1 for the two misclassification schemes.

The result from Table 1 reveals that on the whole bias and MSE of the parameter estimates are smaller in the proposed
model M3 compared to the mis-specified models M; and M,. Especially the parameter of interest, namely the covariate
effects, are estimated with high accuracy and precision in the proposed model compared to the naive models. However,
some isolated instances of slight poor performance in M3 are observed. Model M,, i.e., the model incorporating the missing
data mechanism, is always better than the complete case model (M ). For instance in misclassification pattern 2, the estimate
of the intercept gives the bias and MSE as 0.06571 and 0.01925, respectively, under the corrected model Ms; these figures
are higher than their respective counterparts in both models M; and M. The performance of M, and M3 with respect to
missing data model parameters is also almost at par, though in some instances model M, outperforms the proposed joint
model M3. This is natural since the proposed model is the most complicated one and involves the maximum number of
parameters compared to the naive models. It is also observed that the parameters arising in the distribution of random
component are not much affected by model misspecification. The misclassification rate is accurately estimated under both
the misclassification schemes.

Table 2 presents the parameter estimates, simulated standard errors S.E. (sim) and coverage probabilities CP (Sim) for
the regression parameter of interest for the models M;-Ms corresponding to both the misclassification patterns. The results
reveal that M3 recovers the parameter estimates well at the cost of increased standard error. This is natural since M5 involves
a larger number of parameters. Model M, performs poorly with respect to standard errors as well as coverage. The coverage
probabilities under the correct model M3 are always close to the nominal levels. Figs. 1-2 represent the convergence graphs
of the parameters of interest for the proposed model under Misclassification Scheme I and Misclassification Scheme TI,
respectively.

5. Data study

Alzheimer’s disease Neuroimaging Initiative (ADNI) is an ongoing longitudinal long-term non-treatment study in which
more than 800 participants aged 55 to 90 were recruited from across more than 50 sites in the US and Canada. It includes
approximately 200 patients diagnosed with early progression of Alzheimer’s disease (AD). AD is the most common form of
dementia which worsens with age. Usually it is diagnosed in people over 65 years of age but early onset of the disease can
occur much earlier. The data used in this study were obtained from the ADNI database (http://adni.loni.ucla.edu). We have
used the data from ADNI 1 for our investigation.

AD is characterized by a slow deterioration in cognitive and functional ability assessed by various clinical, biomedical,
imaging and genetic biomarkers. The clinical dementia rating scale sum of boxes (CDRSB) score is a valuable tool for outcome
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Table 2
Table showing parameter estimate, S.E. (sim) and coverage probability CP (sim) of the regression parameters for the three models under two different
misclassification patterns.

Misclassification Scheme | Misclassification Scheme II
M, M, M; M, M, M3
Est —1.04113 —1.01477 —1.00750 —1.12728 —1.08478 —0.96825
Bo1 S.E. (Sim) 0.11522 0.06040 0.11253 0.11997 0.06300 0.11384
CP (Sim) 93 96 95 84 75 94
Est —0.03277 —0.02471 —0.01444 —0.07385 —0.04638 —0.01113
Boz S.E. (Sim) 0.10259 0.05704 0.10000 0.11929 0.05841 0.10725
CP (Sim) 95 94 94 93 88 98
Est 0.97217 0.96366 0.99728 1.01534 1.01591 0.93429
Bos S.E. (Sim) 0.11016 0.05795 0.11533 0.12572 0.06383 0.12285
CP (Sim) 95 92 93 92 94 88
Est —0.31445 —0.32443 —0.55569 —0.42507 —0.43684 —0.52206
B S.E. (Sim) 0.08610 0.04808 0.06780 0.08014 0.04338 0.07899
CP (Sim) 41 7 88 83 70 93
Est 0.29843 0.31293 0.49503 0.42478 0.42559 0.48887
Ba S.E. (Sim) 0.05879 0.03670 0.06172 0.06173 0.04080 0.05700
CP (Sim) 6 0 96 77 51 98
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Fig. 1. Convergence graph under misclassification Scheme I.

indicator to assess both cognitive and functional impairment. Although AD develops differently for every individual, there
are many common symptoms. Samtani et al. [27] modeled the baseline disease severity as a function of influential covariates.

Following the previous studies, we chose gender, apolipoprotein (APOE) €4 genotype and hippocampal volume (HIPV)
as the potential covariates. Among these, HIPV is considered as an important covariate in AD [5]. The hippocampus is a
region of the brain that is associated primarily with memory. It is located in the inner (medial) region of the temporal lobe,
forming part of the limbic system, which is particularly important in producing emotion. Individuals who suffer damage
to the hippocampus experience significant memory loss or amnesia. This condition is marked by an inability to create new
long-term memories. HIPV is affected by head size, age and sex, and it significantly drops in the elderly.

Data from the first six visits of ADNI 1 are considered to illustrate the methodology developed in this paper. As our
missing data modeling demands that response and covariates should not be missing on the first visit, we omitted those
study participants whose baseline CDRSB score and/or HIPV data were missing. We thus carried out the analysis with 376
individuals for whom CDRSB scores and/or HIPV data is missing for some occasions, while complete data on the remaining
covariates are available. The study reveals 30% missing data on the covariate while approximately 14% data on the response
are missing.
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Fig. 2. Convergence graph under misclassification Scheme II.

CDRSB score

Visit number

Fig. 3. Longitudinal plot of CDRSB scores.

For the available data, CDRSB scores of the study participants are plotted over the six visits in Fig. 3. The thick line gives
the mean CDRSB scores which reveal an increasing trend of the disease status over time. Fig. 4 displays a bar plot of the
average hippocampal volume which shows a decreasing pattern over time as is expected of patients with progression of AD.

Motivated by the work of Sid O’Bryant et al. [23], the ordinalized CDRSB scores have been categorized as 0-3 with respect
to the disease status NIL, LMCI, early AD and severe AD, respectively. At the baseline visit, the CDRSB scores of all patients
range between 0 and 9 indicating the absence of severe AD patients initially. In addition we work with the transformed time
dependent covariate (HIPV —Myypy )/SDpipy, where Mypy and SDypy are the mean and standard deviations of HIPV data which
were equal to 6615 and 1172, respectively. The baseline covariate (APOE) €4 genotype used in the study is a nominal variable
with three categories. The random component U; = (ujy, .. ., ujg)" is assumed to follow a multivariate Gaussian distribution
with zero mean vector and dispersion matrix X; = oiZZ‘*, where X* is as given in Eq. (4) and al.z = exp(Z;y ), where Z; = 1,
if the ith individual is a male and 0 otherwise. The nuisance parameters arising in the distribution of the random component
are estimated along with the regression parameters. For the readers’ convenience, we provide a variable list in Table 3.
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Table 3
Variables used in ADNI study.
Type Variables Description
Response (Ordinal) CDRSB Clinical dementia rating scale sum of boxes
Covariate (Baseline & binary) Gender 1: Male and 0: Female
Covariate (Baseline & nominal) APOE4 Apolipo protein genotype taking values 0, 1, 2
Covariate (Time-dependent & continuous) HIPV Hippocampal volume

Table 4
Misclassification matrix.

Ordinalized CDRSB score

0 1 2 3
NIL 0.99537 0.00463 0 0
Baseline disease status LMCI 0.02767 0.78063 0.1917 0
Early AD 0 0.02062 0.97938 0
Severe AD 0 0 0 1
Table 5
The estimates, standard error of estimates and the t-statistic of the analysis of ADNI data.
Covariates Complete case analysis (M;) Missing data analysis (M) Proposed joint model (M3)
Estimate S.E. t statistic Estimate S.E. t statistic Estimate S.E. t statistic
Int1 —3.0825 0.2396 —12.8659 —2.5685 0.0902 —28.5963 —1.9066 0.0724 —26.3300
Int2 2.5143 0.2010 12.5088 1.7783 0.0719 24,7434 1.4160 0.0663 21.3652
Int3 4.4876 0.4197 10.6912 3.6189 0.1146 31.5815 3.7319 0.1177 31.7126
APOE4 —0.2054 0.1618 —1.2691 —0.3896 0.0605 —6.4413 —0.2538 0.0560 —4.5331
HIPV 0.6895 0.1308 5.2725 0.5441 0.0411 13.2402 0.7433 0.0385 19.3228

Considering the data provided by ADNI as the gold standard, we observe that there are some mismatches in categorization
due to discretization of the CDRSB scores. However, misclassification is prominent in the nearby categories only. We further
assume that the misclassification pattern at baseline visit is carried forward in all other future visits and severe AD patients
are not misclassified. The misclassification matrix is given in Table 4.

The analysis is carried out for the three models M;-M3 as discussed in Section 4, with known misclassification rates as
given in Table 3. The ADNI data further reveal a strong association between the missing data indicators of HIPV and CDRSB
scores. Driven by the data, the analysis is carried out with a known value of the association parameter chosen as ¥ = 7.

Table 5 reports the estimated values of the covariate effects along with their standard errors and Student t statistics for
models M;-Ms. The results indicate that the standard errors in the proposed model are lesser than that in the naive model.
This is in contradiction to the simulation study findings. However, this is expected since in the simulation study, the number
of nuisance parameters was larger compared to the present case, where misclassification rates and the association parameter
of the missing data model are treated as known constants, chosen from the data themselves. The factor “Apolipo protein”,
though insignificant in the naive model, is highly significant in models M, and Ms. This illustrates the utility of missing data
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adjusted models and the proposed joint model in lieu of naive analysis. The HIPV though significant in all three models gives
extremely low p-values in the corrected models M, and M3, compared to the naive model M;.

6. Concluding remarks

The primary intention in this article was to develop a model that helps us analyze a marginal cumulative logit proportional
model with missingness and miscategorization duly accounted for. Certainly the likelihood becomes complex. We consider
an MCNREM approach to estimate the parameters appearing in the model. The computing time indeed depends on the
dimension of the parameters. In fact as the missingness pattern is MNAR, the likelihood part involving model parameters
cannot be factored out and hence we need to estimate all structural and nuisance parameters together. One possibility may
be through MCMC (Markov Chain Monte Carlo) that can deal with this kind of high-dimensional situation.

Semiparametric studies are common in this kind of longitudinal framework and it would be of interest to see how
the longitudinal effect can be well approximated by a non-linear function of time. Furthermore, some of the covariates
(in this study may be HIPV) are often measured erroneously. Obviously, this then affects the inference in the study. It
seems worthwhile to investigate situations where some of the covariates under study are subject to measurement error.
In longitudinal studies, we often come across individuals who drop out from the study. Incidentally, we did not consider this
here. Intermittent missing and dropout along with the miscategorization are common in medical studies. We are currently
looking into this problem.
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Appendix A
A.1. Proof of Egs. (5) and (6)
In the specific case of normally distributed random component and probit link function,

P, = /Pifgf(uit)duir = ®(Boc +2 B + Xy Br) = / D(Aire + uie )f (e )dusyr.
Now,

/q)(Aité + wie)f (Ui )duie = Pr{ziee < Aiee + e | tie ~ N0, 02)} = Pr{tiee < Aee | Ui ~ N(0, o)},
where Tiee = Zirg — Ui, Tiee ~ N(0, 1+ o2). Therefore,

f¢(Aitl + wie )f (i Jduye = @ (Aitl/ 1+ Gi%) .

Using the approximating relation between logit and probit, we get,

exp(Boc +2 B + X Bx) / exp(Aiee + uie)
1+ exp(Boc + 2" B, + X} By) 1+ exp(Aje + ujr)

+z' B, +x! Aice/cC /
- @ (/30/1 i ﬂZ lfﬁx> — @ L = A :(/302 +Z{rﬁz +XI,8X) 1+Uif/C2.

¢ J1+ak/c?

f(uie; Xj)duge
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A.2. Detailed expression of w1, o1 and oo

Suppose, prlrzlt = PR, = r,RX =1y | Ryt | =1, R =14, Y,Z,X) for all ry, 12, 13,74 € {0, 1}. Then the

1
unconditional probabilities uncondltlonal on previous histories become

11t = Pnl-f-ﬂnitq -I-Pn,-tﬂmizq +p1m-7701it—1 +p11i[-7700it—1»
11 10 01 00

T10it = P1oje-710it—1 + P1gie-T10it—1 + P1oie-To1it—1 + P1gje -7F00it—15
11 10 01 00

To1it = Porie-T11it—1 + Porje-T10it—1 + Po1ie-7To1it—1 1 Po1ie -7T00it—15

11 10 01 00
Trooit = Pooit-T11it—1 + Pooie -710it—1 + Pooie -7F01it—1 + DPooit - 7T00it—1-
A.3. Metropolis—Hastings algorithm

The details of the data generation scheme using Metropolis-Hastings (MH) algorithm in Section 3 are given below.

) » o (k=1)
Generating X™" from the conditional distribution of X™ | Dgny, UK~ Y(O , Y,ET)

: 80 Suppressing the parameters,
the conditional distribution of X™" is given by
k1 (k=1) (k—1)
nU > nv? nU’ U( ) Y 0) ’ Y]S’Un) )
(k— fad (k—1)
o (R, R, | YO/ ymY (o) xm) x FOD 1Y)

(k=1)(myk—D) k- k=
ST {CA R IX,(,ﬂ),X(m),Znu, U 1))Xf( VIXE) x fUgs).

nv

k— k— ~
FXM™ | Doy, Uk y 00 ymEy o pxtm §O 7 x© Ry

Let us choose the proposal density for X(™ as h(X(™). Let X™(k — 1) and X(™(k) respectively denote the previous draw
and the new values from the proposal distribution. The probability of accepting X™)(k) as a potential observation from the

proposal density at the kth step is given by
FIX(K) | Dona UGV, iy 9“>} X hiX"(k — 1)} 1}

Af( = min (k—1) O)(k 1) (m)k 1)
FIXM(k — 1) | Dony, Uy 2, Yi0 L YT O} x h{Xm(k)}
In case we choose h = f, the acceptance function takes a neat form and is given by
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Generating U™ from the conditional distribution of U | D,y; 6©): Suppressing the parameters, the conditional distribution of
U|D,, is given by
FU | Doy) o (Yo, Yo Zy X, U) o f(Yy | V) X f(Yy | Xou Z,U) x fU).

Choosing the proposal density of U to be the same as f(U), the probability of accepting a potential new value U(k) as
opposed to the previous value U(k — 1) is given by

N [f{U(k) | Doy} x h{U(k — 1)} ]}
flU(k = 1) | Doy} x h{U(k)}" |
which on simplification gives

k
Al =
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Choosing the proposal density of U to be the same as f(U), the probablllty of accepting a potential new value U(k) as
opposed to the previous value U(k — 1) is given by
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which on simplification gives
(k=1) (k=1) ()
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Generating Y from the condltlonal dlstrlbutlon of Y© | Donys X,(f,f' , UX): 00 suppressing the parameters, the

conditional distribution of Y( | Don,,,X,(JZ)1 Y(m) U,(w is given by
0 (k=1) ) (k=1)
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Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2018.02.004.
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